Motivated by the importance of 25 P for the two-proton decay of 26 S and for searches of the mirror analog of the island of inversion near N = 16, we present the first predictions for the spectroscopy of the exotic isotope 25 P obtained in the shell model, a potential model, and a microscopic-cluster model. All models predict 25 P to be unbound, with an energy in the range 0.78-1.03 MeV, which favors previous mass systematics over more recent revisions. We show that 25 P possesses a rich low-lying spectrum that should be accessible by experimental studies. All of the predicted states below 7 MeV, except one, are narrow. Many of them are built on the excited-core states of 24 Si for which the Coulomb barrier is raised. For decays into the 24 Si(g.s.) + p channel we determined the proton widths based on their link to the asymptotic normalization coefficients (ANCs) of their mirror analogs in 25 Ne. We determine these ANCs from the analysis of the transfer reaction 24 Ne(d,p) 25 Ne. The proton widths for decay into excited-state channels are obtained in model calculations. The only broad state is the intruder 3/2 − , the mirror analog of which has been recently observed in 25 Ne. The 25 P(3/2 − ) energy is lower than that in 25 Ne, suggesting that the island of inversion may persist on the proton-rich side. All excited states of 25 P have at least two decay modes and are expected to populate variously the 2 + 1,2 and 4 + states in 24 Si, which then decay electromagnetically.
I. INTRODUCTION
With the development of new radioactive beams and powerful detecting systems, the studies of exotic nuclei beyond the drip lines in light mass regions are now possible. For the neutron-rich part of the nuclear chart, the nuclei beyond the drip line generally manifest themselves as broad resonances. However, at the proton-rich side, owing to the confining nature of Coulomb barrier, the nuclear states can be narrow. Some states can be narrow because they are built on excited-core configurations. Examples of experimental evidence of such states can be found in 19 Na [1] , 16 Ne [2] , 15 F [2] , 15 Ne [3] , and 23 Al [4] . Theory also predicts excited-core-based narrow states in 17 Na [5] [6] [7] and 21 Al [8] . In this paper, we present a spectroscopic study of 25 P, a nucleus beyond the proton drip line that has the same isospin T = 5/2 as the two previously studied nuclei 17 Na and 21 Al. We aim to show that the 25 P has a rich low-lying spectrum that should be accessible to experimental study. A detailed knowledge of the 25 P structure would have important practical consequences. First of all, 25 P is a key nucleus in understanding the nature of the two-proton decay of 26 S, the status of which is currently unknown. Experimental searches for 26 S suggest that it can be a true two-proton emitter with a half-life limit of <79 ns [9] . However, the most recent phenomenological mass formula for proton-rich nuclei based on mass difference of mirror nuclei [10] , predicts that one-proton emission is energetically allowed, thus favoring a sequential decay of 26 S via 25 P. A detailed knowledge of the energies and widths of the 25 P levels is important to understand the 26 S decay. Second, the mirror analog of 25 P, the 25 Ne, has signaled the need to change the widely used shell-model interaction USD, or the universal sd-shell interaction [11] . The need comes from the observation of the higher excitation energy of the 3/2 + 1 and from the discovery of the intruder state 3/2 − , which suggests an earlier onset of the evolution towards the inversion island near N = 20 [12] . If mirror symmetry was exact, the existence of the island of inversion and the same trend on the way to reach it would be expected on the proton-rich side of the nuclear chart. However, given that the Coulomb force gains strength with Z and T , it is not known if the island of inversion exists on the proton-rich side at all. Only recently, Togano et al. [13] measured a hindered proton collectivity in the T z = −2 nucleus 28 S that indicates the emergence of a possible magic number at Z = 16, but no intruder states have been observed yet in this region. Besides, a measurement of the mirror energy differences for the T = 2 mirrors 36 Ca and 36 S [14] has shown that the evolution of the N,Z = 16 gap is determined by the Thomas-Ehrman shift in the A = 17 system with little direct influence from Coulomb effects.
Up to now, only the binding energy and S p of 25 P have been calculated [9, 10, 15] , suggesting that it is unstable with respect to proton emission. Here we present the first predictions for the 25 P low-lying energy spectrum. Earlier, we made the first predictions of the widths of a lighter T = 5/2 nucleus beyond the proton drip line, 21 Al [8] , showing that several narrow states should be expected there. It was shown later in ab initio calculations [16] that the positions of the 21 Al levels can place important constraints on two-and three-nucleon (NN + NNN) chiral forces in nuclei. It can be expected that the 25 P levels will further constrain the nuclear forces.
The predictions of the 21 Al widths in Ref. [8] have been made by taking the theoretical positions of the proton resonances in 21 Al and exploiting the link between the widths of proton resonances and the asymptotic normalization coefficients (ANCs) of their mirror analogs, proposed in Ref. [17] . [12] . In that publication we were interested in spectroscopic factors only. Here we determine the 25 Ne ANC and then use them to obtain the widths of 25 P for several proton energies calculated in either the shell model, the microscopic-cluster model, or a potential model. In addition, we present shell-model calculations for the γ -decay widths of the 25 P excited states, motivated by searches for a region in which electromagnetic decay of continuum states may become detectable. Such a region should exist because the inhibition provided by the Coulomb barrier becomes progressively more important with increasing Z.
In Sec. II we present the low-lying scheme of 25 Ne below 7 MeV for both experimental measurements and shell-model predictions along with three calculations of the 25 P spectrum using a potential model based on either shell-model energies or the measured levels of its mirror analog and a the microscopiccluster model. In Sec. III we determine the ANC from the 24 Ne(d,p) 25 Ne reaction. In Sec. IV we calculate the 25 P widths for decays into different proton channels and we compare them to the shell-model predictions for the widths of γ decay. We present our summary and conclusions in Sec. V.
II. THEORETICAL CALCULATION OF 25 P ENERGIES
To predict the 25 P spectrum we have assumed that it is related to the spectrum of its mirror analog, 25 Ne. For the latter, we used either the available measured energies or the predictions of the shell model. We assume that the 25 P levels can be obtained by adding the Coulomb interaction of a uniformly charged sphere to the standard Woods-Saxon potential well in a potential model that reproduces the 25 Ne energies. To explore how core excitations might affect these predictions, we have performed calculations in the microscopic-cluster model and found that their influence is not essential.
A. Experimental spectrum of 25 Ne
Experimental spectrum for 25 Ne is shown in Fig. 1 . Levels with well-defined spin parity have been obtained by the TIARA collaboration [12] First of all we calculate the 25 Ne spectrum in the shell model using the Warburton and Brown interaction [23, 24] . This interaction does not include the Coulomb interaction but it should not strongly affect the 25 Ne, which has only two protons in the sd shell. The shell-model calculations were performed using the code OXBASH [25] in the full spsdpf -model space with two versions of the Warburton and Brown interaction: (1) the WBB that uses the universal sd-shell interaction B (USDB) [26] for the 2s1d part of the Hamiltonian and (2) the WBP-m that uses the USD [11] and the single-particle energies of the pf shell lowered by 0.7 MeV ito reproduce the quenching of the N = 28 shell gap in 27 Ne and the neighboring nuclei, 29 Mg and 27 Mg, as shown in Ref. [27] . In the calculations, 0 ω and 1 ω single-particle excitations of both neutrons and protons were allowed across shell gaps at N,Z = 20 and 8.
The results of the shell-model calculations for J π 11/2 + are given in Table I and compared in Fig. 1 25 Ne made with WBP-m reproduce remarkably well the negative-parity states but for the positive-parity states the WBB is superior. Therefore, in our calculations of the 25 P spectrum we use the WBB interaction to estimate the proton energies for positive-parity states and the WBP-m for the negative-parity ones. We also show in Table I the shell-model spectroscopic factors that are used to 024307-2 < 0.02 and therefore are not used in Table II. predict the 25 P widths based on a standard model that uses the single-particle widths times spectroscopic factors.
C. Potential model results for 25 P
Our model employs a Woods-Saxon potential of standard geometry, with the radius parameter of r 0 = 1.25 fm and diffuseness of a = 0.65 fm. The depth of this potential has been adjusted to reproduce separately the energies of each of the 25 Ne levels discussed in the above two sections. The results, shown in Fig. 2 and Table II, suggest that all of the states in 25 P are unbound with respect to proton decay. The g.s. is unbound by p = 0.95 MeV, if the potential well is chosen to fit the experimental 25 Ne g.s. energy, and by p = 1.03 MeV, if the potential well is chosen to fit the separation energy given by the WBB calculation. These numbers are about 200 keV smaller than those predicted by the first-order perturbation theory, which would state that the proton energy is equal to the neutron energy plus the expectation energy of the Coulomb interaction. Besides, the obtained values are much closer to the value of Q p = 0.840(200) MeV given by the previous mass compilation [28] than to the value Q p = 1.710(400) MeV from the most recent evaluation [29] or the value Q p = 1.507 (45) MeV from the improved Kelson-Garvey mass relation for proton-rich nuclei [10] . 24 Si will mainly decay into the g.s. channel 24 Si(0 + ) + p (see Table I ). Finally, for all the states with the predicted proton energies above 3.4 MeV the two-proton and three-proton decay branches become possible.
D. The 25 P spectrum from the microscopic-cluster model
To check how core excitations may affect the prediction of the potential model, we calculate the three lowest states in 25 P in the microscopic-cluster model (MCM), in which the internal structures of the 24 Ne and 24 Si cores are represented by shellmodel Slater determinants. We assume that nucleons in the core occupy the d 5/2 subshell only. The enormous reduction in computation time it brings makes it possible to study the effects from the excited core as both the 2 + and 4 + core states are possible within this scheme. The calculations are performed with the effective Volkov potential [32] traditionally used in the MCM and we adjust the strength of its Majorana part to fit the energies of each of the three lowest experimentally known 25 Ne states. Then with the same interaction we predict the positions of the 24 Si + p resonances. This follows the spirit of the previous section but now includes the core excitations.
In the case of 1/2 + we adjust the Majorana strength of Volkov potential to fit the neutron separation energy in 25 Ne with respect to the 24 Ne + n channel. However, because we used only the d 5/2 model space, both the 5/2 + and the 3/2 + are built almost purely on the 24 Ne(2 + ) + n configurations; therefore, for these states we adjust the Majorana interaction to fit separation energies corresponding to this channel. The location of the 25 P states, predicted with the MCM and shown in Fig. 2 , is similar to the predictions of the potential model based on either mirror experimental or SM energies. The g.s. is slightly lower, at p = 0.79 MeV. When we exclude the core excitations from the MCM we get almost the same results as those obtained with the core excitations.
III. DETERMINATION OF ANCS FOR
25 Ne ↔ 24 Ne + n
A. Relation between neutron ANC and p
The neutron ANC is defined as the magnitude of the tail of the radial part I lj (r) of the overlap integral between the many-body wave functions of two neighboring nuclei 
where h
is the Hankel function of the first kind [34] with orbital angular momentum l. The wave number κ n = √ 2μ n / is determined by the neutron separation energy n and the reduced mass μ of the last nucleon plus core. [35] [36] [37] . At a resonance energy p the ANC of the unbound state is directly related to the resonance width = |C p | 2 κ p /μ, where κ p = 2μ p / . The ANCs C p and C n are not the same because they are associated with different asymptotic forms of I lj (r) in mirror channels. However, because both of them are expressed in terms of integrals over the wave functions of A and A − 1 in the internal region [17] where the Coulomb influence is very small and, therefore, the differences in the mirror wave functions can be neglected, then a link between C p and C n (and, therefore, between C n and p ) can be established. It has been shown in Ref. [17] and further discussed in more detail in Refs. [36, 38] that this link is given by the approximate formula
where F l is the regular Coulomb wave function, j l is the spherical Bessel function, and R N is the range of the nuclear interaction between the last nucleon and the core A − 1 chosen as 1.3 × (A − 1) 1/3 fm. A detailed analysis of deviations of the C p /C n ratio from the approximate analytical formula for bound-bound mirror pairs in Ref. [36] has shown that this choice of R N minimizes the errors of the approximation. Numerical investigations of the accuracy of Eq. (2) for the potential model and MCM performed in Refs. [36, 39] suggest that Eq. (2) can overestimate the ratio p /C 2 n on average by 10%-20%. Similar uncertainties compared to those introduced by the use of Eq. (2), i.e., in the range 10%-30% or exceptionally up to 50%, were found in other microscopic approaches [40, 41] and in the coupled-channel calculations [42] . They are partially associated with the different radial extent of the mirror proton and neutron overlap integrals at large r caused by the absence or presence of the Coulomb interaction for neutron or proton, respectively. Indeed, Eq. (2) becomes much more accurate for mirror α-particle decays in which the Coulomb interaction is present in both mirror pairs making their wave functions more similar in both the internal and the external regions [38] . The possible overestimation of Eq. (2) means that the actual widths of the 25 P states can be smaller than the predictions of Eq. (2) and thus the 25 P states can live longer. Because our paper is the first study of the spectrum of the unknown isotope 25 P the uncertainty of the predicted widths associated with Eq. (2) is acceptable, keeping in mind that the width is in any case strongly influenced by the resonance energy. The advantage of using Eq. (2) is that it allows an estimation of the widths without any structure calculations.
B. Asymptotic normalization coefficients for 25 Ne
ANCs are usually determined from peripheral reactions which are sensitive only to the tails of the overlap functions I lj (r). Low-energy (d,p) reactions are often a good source of ANCs. We use the angular distributions of the 24 Ne(d,p) 25 Ne reaction for five final states measured at E = 10.6 MeV/nucleon [12] . The spins and parities of these states as well as their spectroscopic factors are reported in Ref. [12] . Here we show that this reaction is peripheral and extract the ANC of the states observed. The peripherality manifests itself by independence of the results for the ANC extracted with regard to the choice of the geometry of the potential well of the bound transferred neutron. The ANC squared C 2 n is obtained as the product of the experimental spectroscopic factors S lj to the square of the single-particle ANC b lj of the normalized bound-state wave function used in reaction calculations.
Theoretical calculations of the 24 Ne(d,p) 25 Ne reaction were performed within the adiabatic distorted-wave approximation (ADWA) using the code FRESCO [43] . The adiabatic distorted potential for the d + 24 Ne entrance channel [44] was constructed from the p- 24 Ne and n- 24 Ne nucleon potentials for which we used the Chapel-Hill parametrization (CH89) [45] . The same parametrization was used to generate distorted waves in the p + 25 Ne channel. The neutron single-particle form factors were obtained using a Woods-Saxon potential with the depth adjusted to reproduce the experimental separation energies of the observed levels. The radius parameter of this potential was varied to investigate the peripheral character of the reaction. Figure 3 shows the weak dependence of the extracted ANC on the binding potential geometry. The variation in the ANC over the full range presented here is less than 3%. The ANCs obtained within the ADWA for five states are presented in the Table III . The relative errors shown in this table are the same as in previous work [12] .
IV. CALCULATION OF 25 P WIDTHS

A. Proton partial widths
The 25 Ne ANC obtained above and the relation (2) have been used to predict the proton widths of 25 P assuming that the proton resonance energies come from the potential model adjusted according to the experimental spectrum of 25 Ne observed in the (d,p) reaction. These proton widths are listed in states-are narrow and should be observed to have widths that are much smaller than the spacing between adjacent states. The mirror analog of the 25 Ne(3/2 − ) intruder is broad but nevertheless should be identifiable experimentally, albeit with some possible overlap with the lower 3/2 + energy level. In a more sophisticated model, the MCM (in which core excitations are included), the 25 P g.s. energy is smaller and, therefore, this state is even narrower but its width corresponds to a lifetime that is still well below the upper limit of the experimental half-life of 30 ns given in Ref. [28] and confirmed subsequently at Dubna [9] . The MCM predicts also small widths for decay of excited states 5/2 + and 3/2 + into the 24 Si(2
We also calculate the widths of the 25 P states predicted by the potential model when based upon the shell-model calculations for 25 Ne. These levels are shown in Fig. 2 . The widths were obtained as p = SF × s.p. , where s.p. denotes the single-particle width obtained from the scattering phase-shift at the resonance energy in a Woods-Saxon potential tuned to reproduce the calculated separation energy of a chosen 25 Ne level, and SFs are the spectroscopic factors from Table I . Spectroscopic factors for mirror pairs are assumed to be equal, according to the charge symmetry of the strong interaction. In Table II where a level was observed with unknown spin and parity. We see that the proton-decay widths of the resonances are small relative to the spacing between levels, at low excitation energy. At high excitation energies, the level density predicted by the shell model is expected to be high and the widths might well cause the overlap of several energy levels.
B. partial widths
We have checked if the γ -ray emission from the 25 P excited states is sufficiently strong to be detectable. For this purpose we have performed shell-model calculations for reduced transition probabilities B(O λ ; I i → I f ) and the corresponding γ widths γ for a few 25 P levels, assuming isospin symmetry. We expect that such calculations will give correct predictions for the order of magnitude of γ . The largest widths are shown in Table IV both for the WBB and WBP-m interactions. We can see that the largest width can be associated with the E1 transitions from the intruder state 25 P(3/2 − ). The M1 transition from 25 P(3/2 + ) is two orders of magnitude weaker. All electromagnetic widths are much smaller than the proton-decay widths by at least five orders of magnitude. This shows that the Coulomb barrier at Z = 15 is not strong enough to open competition between the proton decay and γ emission. Because at a typical experiment we can expect about a few hundred events corresponding to the population of excited states of 25 P there is no chance to observe a weak electromagnetic branch. Therefore, all γ rays detected in reactions populating 25 P should come from the deexcitation of the 24 Si core.
V. SUMMARY AND CONCLUSIONS
We have presented the first detailed study of the spectrum of the unbound isotope 25 P using its link to the known spectrum of its mirror analog 25 Ne and performing several model calculations. All models suggest that 25 P should be unbound with respect to the proton decay 24 Si + p by 0.78-1.0 MeV, which is compatible with the estimate of Q p > 0.23 MeV obtained from the experimental search for proton emission from 25 P in Ref. [9] . However, our estimates favor the values of Q p = 0.840(200) MeV from older mass systematics from Ref. [28] rather than the latest higher values of Q p = 1.710(400) MeV and Q p = 1.507 (45) MeV from the latest works of Refs. [29] and [10] 24 Si reaction [30] and it lies above the particle emission threshold. Experimental observation of γ rays in Ref. [46] suggests that it lives long enough with respect to the particle decay to make the competition with γ emission possible. Populating the 24 Si states through the particle decay from 25 P combined with the information about the 25 P in future experiments as well as measuring various branching ratios will give a unique opportunity to study the spectroscopy of both 25 P and 24 Si in the same experiment and, in particular, to observe the excited-core content of 25 P. Then, using mirror relations, the ANC of excited 25 Ne states to excited 24 Ne states, where particle decays are not energetically allowed, can be determined indirectly. This will shed light into the structure of 25 Ne, for which any experiments aimed to measure these quantities are not possible as they would require radioactive beams of short-lived excited states.
The only broad state predicted in the low-lying spectrum of 25 P should be the intruder 3/2 − . It should lie just below 4 MeV and have a width of about 1 MeV. Our calculations predict a lowering of this state owing to the Thomas-Ehrman shift with respect to its observed mirror analog in 25 Ne. Measuring the position of the 3/2 − intruder in 25 P will help to answer the question about whether the mirror analog of the neutronrich island of inversion near N = 16 exists. It has already been experimentally demonstrated that mirror symmetry in the disappearance of the magic number 8 persists between the T = 2 nucleus 12 O and its mirror 12 Be [47] . It would be natural to expect the persistence of the island of inversion. The position of 3/2 − is also relevant to the intruder content in 26 S. Currently, the p 2 content of 26 S is predicted by the relativistic mean field approach (RMF) to be less than 10% for realistic values of the pairing gap [9] although the energies of the intruders are not cited there. A possible increase of the weight of intruders can affect the lifetime of 26 S with respect to the proton emission.
Finally, we would like to comment on possible experiments in which the 25 P can be studied. This is, first of all, the proton scattering in inverse kinematics, 24 Si + p. This experiment is expected to populate the mirror analogs of the states seen in transfer reaction 24 Ne(d,p) 25 Ne. These are the first three positive-parity narrow states and a narrow negative-parity 7/2 − state. These should be well separated and observed as individual resonances. They should be observed in interference with a wide intruder 3/2 − state. By measuring the excitation energies at different angles, coupled with the standard R-matrix analysis, it should be possible to disentangle the energies and the widths of these resonances. The states with higher spin parities can, in principle, be seen in a three-proton transfer reaction with a radioactive 22 Mg beam, although the small cross sections for this reaction will make such an experiment unlikely in the near future. Also, because the predicted level density of these states is higher, some of them would be not resolved.
